Abstract-Considering that the air pollution risk assessment is a variable fuzzy concept with multiple indicators and classes and there is the limit for the weight value of variable fuzzy evaluation method, the variable fuzzy mathematics method and the information entropy are combined to evaluate the air pollution risk of different seasons in sixteen districts of Beijing in 2009. The multi-objective group decision-making problem under air pollution risk has been solved by variable fuzzy method and the weight problem has been modified by information entropy, which makes the evaluating results more objective. From quantitative assessment, the air pollution risk of winter season in south seven districts of Beijing was on the margin in 2009. Beijing needs to optimize energy structure by introducing and developing the use of cleaner high-quality energy to decrease air pollution risk grade on winter.
INTRODUCTION
Air pollution is one of the major urban environmental problems in Beijing of China as a consequence of rapid urban growth and population increasing. Because the urban air pollution would bring significant threats to human health and the environment [1] , the air pollution risk assessment is important to this metropolis. However, as in all environmental risk assessments, due to inconsistency and distinction of each air pollutant risk factor, there is a vagueness or fuzziness in air pollution risk. Fuzziness makes the use of sharp boundaries in classification schemes hard to justify. This fuzziness led some environmental researchers to look for advanced assessment methods based on fuzzy theory and a number of researchers have developed fuzzy theory in various environmental areas [2, 3, 4, 5, 6] .
Variable fuzzy set theory is based on both probability theory and fuzzy theory and is usually used to assess the multi-objective group decision-making problem under risk [7] . This theory has been used to evaluate the flood risk [8] , water resources [9] , and water quality [10] . This method provides a new idea and approach for solving multi-objective decision-making problem among uncertain system and it is also applicable for air pollution risk assessment. However, the scientific character of weight value is not clear when applying variable fuzzy set theory in risk assessment. Especially, the weight value which usually contains the information of the individual indicator only but has nothing to do with the relationship between assessment objects.
To solve this problem, the information entropy has been introduced [11] . As a measurement of the disorder degree of a system, information entropy can measure the amount of useful information with the provided data and has been widely used in many fields [12, 13] . When the difference of the evaluating objects on the same indicator is large, the entropy is small, which illustrates that this indicator provides more useful information and this indicator's weight should be set relatively large. On the other hand, if the difference is small, the entropy is large, and the corresponding weight would be small [14] . Hence, the entropy theory is a comparatively objective way to determine the weight [15] .
Based on the concept mentioned earlier, this paper combines information entropy method with variable fuzzy set theory to evaluate the air pollution risk of different seasons in sixteen districts of Beijing in 2009. The organization of this paper is as follows: Section 2 describes the general variable fuzzy set theory and the information entropy methods; Section 3 evaluates the air pollution risk by using the combination of these methods and discusses the evaluating results; and Section 4 presents the conclusions.
II. METHODOLOGIES

A. Variable fuzzy set method
Variable fuzzy set theory is based on both probability theory and fuzzy theory and provides a new idea and approach for solving multi-objective decision-making problem among uncertain system [7, 8] . The procedure of variable fuzzy evaluation is described as follows: Assume
be a finite set of n feasible alternatives in air pollution risk with m criteria to be considered, then the decision-making matrix can be denoted as
, where ij x is the value of the i th criterion for the j th alternative for all
According Chen [7, 16] and Zhao and Chen [9] , all values in X could be assessed in the priority intervals between consecutive rankings and let the priority criterion 
According to equations (1) and (2), we can obtain values of relative membership function A U and let A U be According Chen [7, 16] , and Zhao and Chen [9] , the relative membership grade of the different rank can be calculated by variable fuzzy evaluation model and the model is ; i w is index weight; m is recognition feature index. According equation (3) and normalization processing, the relative membership grade set can be obtained and let the set be
The eigenvalue vector of air pollution risk rank can be calculated by rank eigenvalue equation [7, 16] and let rank eigenvalue equation be
B. New weight with information entropy
The weight determination is one of the important parts in the fuzzy evaluation, because it has a deep effect on the assessment results. The information entropy method is used in the fuzzy comprehensive evaluation to determinate the weight, which calculates through the following formula:
To normalize ij x in X set and obtain the B set, and let
. When the number is bigger, the result is better, the normalization equation is 
Then, the entropy weight can be defined as: 
C. Evaluating indicator and criterion 1) Evaluating indicator
According to the regional ecological risk assessment indexes, we select risk degree ( 1 x ), reliability ( 2 x ), riskiness b) Reliability When API is I or II, the air quality is safe. Reliability = number of safe days / total days (one month).
c) Riskiness Riskiness = 1 -reliability, namely, the percentage of number of air pollution (API = III, IV or V) days by total days (one month).
d) Resilience
Resilience is the percentage of number of days from air pollution to air safety by total days (one month).
e) Permanence Permanence is the percentage of number of air safety in the next day on the premise that air quality is safe at the first day by total days (one month).
f) Integral loss We define the loss of air mild pollution (API = III) is 0.5 and the loss of air moderate and heavy pollution (API = IV or V) is 1. Integral loss = 0.5 * number of air mild pollution days / total days (one month) + 1 * number of air moderate and heavy pollution days / total days (one month).
Beijing has obvious season change and this change has brought influence to the air quality, therefore, we need to assess the air pollution risk in different seasons. According the climatic characteristics of Beijing, spring is from Feb. to Apr., summer is from May to Jul., autumn is from Aug. to Oct, and winter is from Nov. to Jan. The evaluating indicators of every season are the arithmetic mean of the included months, and these indicators are listed in Table 1 .
2) Evaluating criterion
The risk grades of air pollution risk are classed as extremely low risk (1), low risk (2), moderate risk (3), high risk (4) and extremely high risk (5) . Extremely low risk is negligible, low risk is acceptable, moderate risk is marginal, high risk is serious and extremely high risk is unbearable. For every evaluating indicator, the criteria of the risk grades are determined by value range of each indicator (Table 1) and are listed in Table 2 .
III. RESULTS AND DISCUSSION
According to the air pollution risk criteria (Table 2) , the priority criterion matrix could be given as: (Table 1 ) and ih M , the difference functions (equation (1) or (2)) are selected, the membership function in different seasons is calculated and the relative membership function A U is built and the relative membership grade of the different rank is calculated by equation (3) . Each relative membership grade is normalized and the relative membership grade set U is obtained ( Table 3 ). The air pollution risk rank eigenvalue vector can be calculated by equation (5) and the risk grades of four seasons are judged in different districts of Beijing in 2009 (Fig. 1) . The air pollution risk grades were extremely low or low and the risk grades were negligible or acceptable on spring, summer and autumn in sixteen districts of Beijing in 2009 (Fig. 1) . However, the air pollution risk grade was moderate and the risk grade was marginal on winter in south districts (Mentougou, Shijingshan, Fengtai, Dongcheng, Fangshn, Daxing and Tongzhou) of Beijing in 2009 (Fig. 1) .
According the evaluating results, the air pollution risk rank eigenvalue ranges of four seasons in different districts are relatively small and the difference value of spring is 0.57, summer is 0.76, autumn is 0.56 and winter is 0.48, respectively, which show the evaluating results are credible. From the evaluating results, the air pollution risk grades were low on spring, summer and autumn that shows the air quality was safe in these seasons in Beijing in 2009. Since Olympic Games in 2008, Beijing has controlled air pollution and improved air quality, which have decreased the air pollution risk. However, coal is used to heat homes/buildings for several months of the winter in Beijing that make the urban air pollution is much worse. Besides, the prevailing wind direction of winter is northwester that causes more air pollution in south districts than others. Therefore, the air pollution risk grade is moderate on winter in south districts of Beijing and this risk is marginal. With population increasing, Beijing needs to optimize energy structure by introducing and developing the use of cleaner high-quality energy such as natural gas and electricity to decrease air pollution risk grade on winter.
IV. CONCLUSIONS
In this paper, the variable fuzzy mathematics method and information entropy are combined to assessment the air pollution risk of different seasons in sixteen districts of Beijng in 2009. The multi-objective group decision-making problem under air pollution risk has been solved by variable fuzzy method and the weight problem has been modified by information entropy, which makes the evaluating results more objective. From quantitative assessment, the air pollution risk of winter season in south seven districts of Beijing was on the margin in 2009 though the government has taken measures to improve air quality since 2008. With the city continued expansion and population increasing, Beijing needs to optimize energy structure by introducing and developing the use of cleaner high-quality energy to decrease air pollution risk grade on winter. 
